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I. INTRODUCTION
Nature admits transitions between different states of matter driven by thermal fluctuations, which are referred to as classical phase transitions 1, 2 . At zero temperature, as is expected, the thermal fluctuations do not play any role, however, the quantum fluctuations can entirely drive a change of phase in the system, which corresponds to a quantum phase transition (QPT). In contrast to classical phase transitions, a QPT is characterized by a dramatic change of the ground state properties 3 .
Symmetry breaking is a paradigm of condensed matter physics in which the states of matter are characterized as symmetry broken phases 1, 2 . Rather recently, novel states of matter have been found which cannot be classified inside the paradigm of Landau symmetry breaking [4] [5] [6] . These states of matter are characterized by an intrinsic robustness against the effects of an environment as a consequence of the topological properties of the ground state. Examples of such topological states include the quantum Hall effect [7] [8] [9] , topological insulators and topological superconductors [10] [11] [12] . This manifestation of criticality in nature is characterized by transitions between different topological quantum numbers, and corresponds to a topological quantum phase transition (TQPT). In the integer quantum Hall effect, the different topological phases correspond to the Hall Plateaus observed experimentally 7 . A transition between states with different Hall conductance can occur without symmetry breaking. Importantly, further investigations in spin systems with topological order will have a huge potential for applications in quantum information as topologicallyprotected qubits 5 .
Recent theoretical studies predicted the existence of topological insulators in solid state systems [11] [12] [13] , with a subsequent experimental observation in semiconductor heterostructures 14, 15 . Further investigations describe the emergence of Majorana modes at the edges of quantum wires 16, 17 . However, the experimental observation of the Majorana resonance is still under debate 18, 19 .
Despite of the striking results on TQPT in solid state systems, there is an increasing interest on the realization of topological states in other experimental setups. In particular, a realization of quantum magnets in a system of cold atoms placed in an optical lattice has been suggested recently [20] [21] [22] , to allow the implementation of the spin-1/2 Kitaev model on a hexagonal lattice. Furthermore, topological protection can be realized by means of an array of superconducting nanocircuits 23 , which is characterized by an Z 2 topological order parameter 6 .
Previous investigations in QPTs inside the Landau symmetry-breaking paradigm, show that the external control induces effective interactions that lead to the existence of new quantum phases [24] [25] [26] . A characteristic of the driven manybody systems is that the periodicity in time opens the possibility to create gapless excitations in a controlled way by tuning the parameters around quantum resonances [27] [28] [29] [30] . Furthermore, the influence of the external control on the topology of the system via geometric phases has also been explored 31, 32 .
The current experimental feasibilities have motivated the study of TPQTs under an external driving. Rather recently, the concept of topological charge of the Floquet Majorana fermions defined in terms of the Floquet operator has been introduced 33 . Furthermore, under the effect of intense circularly polarized light, a gap can be open in the Dirac cone, leading to a photoinduced dc Hall current in graphene 34 . Similarly, by using onephoton resonances, a trivial insulator can be driven into the topological phase, originating a Floquet topological insulator 34, 35 .
In contrast to the works previously mentioned, in this paper we show that the driving not only allows us to renormalize the parameters, such that the system enters into the topological phases, but, surprisingly, it induces a new topological phase that is absent in the undriven system. In this work we study the Wen-plaquete model (WPM) in a monochromatic transverse field. The WPM has intriguing relations to other models studied in the literature. For example, it has been shown that the WPM can be exactly mapped to the toric code of Kitaev 36, 37 . Furthermore, the toric code in a paralell magnetic field has low energy properties that resemble the two-dimensional transverse Ising model, which allows to study the influence of an external field in the TQPT 38, 39 . The effect of a transverse perturbation on the topological protection in the toric code has been explored by using a mapping onto the Xu-Moore model, arXiv:1302.0781v2 [cond-mat.quant-gas] 11 Mar 2013 which subsequently can be mapped onto the quantum compass model 40 . The paper is organized as follows: In Sec. II we discuss the general aspects of the transverse Wen-plaquette model (TWPM). In Sec. III we describe the physics of the system by means of the rotating wave approximation (RWA) and discuss signatures of criticality based on the description of the nonequilibrium Ising transition. In Sec. IV we define generalized "string"-like topological order parameters by considering cycle-averaged expectation values of string operators in a Floquet state. Finally, a discussion of the results is presented in Sec. V.
II. GENERALITIES OF THE TRANSVERSE WEN-PLAQUETTE MODEL
In this section we describe the driven Wen-plaquette model in a transverse field on a N × N square latticê
is the plaquette operator, and g(t) = g 0 + g 1 cos Ωt. In this paper,X i,j ,Ŷ i,j , andẐ i,j denote the Pauli operators acting on the (i, j)-th site of the square lattice. Furthermore, we assume periodic boundary conditions for even N . Fig. 1 (a) depicts the geometry of the plaquette operator. A plaquette is even (odd) if the relation 41 , as depicted in Fig. 1 (b) .
In the topological phase, the undriven TWPM accommodates three types of nonlocal excitations above the ground state of the system: Z 2 charges, Z 2 vortices, and fermions. Correspondingly, to describe these quasiparticles, the string operators of types T 1 , T 2 , and T 3 are defined 41 . The T 1 string operator for a Z 2 charge is given by
W c is the product of spin operators along a path C connecting even plaquettes of neighboring links (see Fig. 1 (c) ). Correspondingly, the T 2 string operator for a Z 2 vortex is given by
In this case, W v is the product of spin operators along a pathC connecting odd plaquettes of neighboring links (see Fig. 1 (c) ). Finally, the T 3 string operators are defined as bound states of T 1 and T 2 strings, they are charge-vortex composite objects, and their definition is given in Refs. 41, 42 . 
A. The duality transformation
In this section, following the methods of Refs.
37,41,42 , we show that the driven TWPM Hamiltonian Eq. (1) can be mapped into a set of decoupled one-dimensional Ising chains via a duality transformation.
To obtain the mapping, we observe that the operatorŝ F z i,j andX i,j satisfy the commutation relations
Now, let us define a representation of this algebra by means of Pauli matrices τ 
We parametrize the sites of the dual lattice by means of (i * , j * ) = (i − j + 1, j) following the notation of Ref. 37 . Under this duality transformation, the Hamiltonian Eq.
(1) can be written in terms of N decoupled 1-dimensional Ising chains of length N 37, 41, 42 . In this paper i * denotes the chain index and j * the sites along the corresponding Ising chain. In the dual representation, the TWPM Hamiltonian Eq. (1) is written aŝ
wherê
is the Hamiltonian of the i * -th Ising chain. The geometry of the decoupled Ising chains is shown in Fig. 1 (d) and Fig. 2 (c) .
Therefore, to understand the behavior of the TWPM under the effect of driving, we must discuss the quantum criticality in the driven Ising model Eq. (8) . However, one can take advantage of the Kramers-Wannier self duality 43, 44 
and obtain a dual spin Hamiltonian
which corresponds to an Ising model in a time-periodic transverse field 25 .
B. TQPT from a spin-polarized state to topological ordered state in the undriven case
In this section we review the more important aspects of the TQPT in the undriven TWPM following Refs. 41, 42 .
The quantum Ising model exhibits a second-order QPT at g 0 = J from a paramagnetic phase into a ferromagnetic phase 3 . However, to describe the TQPT in the TWPM one should define global order parameters as expectation values of nonlocal operators in the ground state of the system;
In the topologically-ordered phase, g 0 < J, the correlation function of σ By using the duality between the Ising QPT and the TQPT in the TWPM, one we concludes that for g 0 < J, the paramagnetic phase of the τ -spin model (ferromagnetic phase of the σ-spin model) corresponds to the topologically-ordered (closed-string condensation) phase. Correspondingly, for g 0 > J the ferromagnetic phase of the τ -spin model (paramagnetic phase of the σ-spin model) is dual to the spin-polarized phase of the TWPM (open string condensation) 41, 42, 45 . Figure 2 (a) depicts the spin-polarized phase of the TWPM on the torus and figure 2 (b) the topological phase.
From the last discussion, we conclude that the global order parameters Φ 1 and Φ 2 are dual 41, 42 . Therefore, to characterize the topological phase transition, only one of them is necessary. Consequently, in this paper we consider generalized order parameters to characterize the topological phases, and we will not discuss the order parameter characterizing the spin-polarized phase.
III. FLOQUET TOPOLOGICAL QUANTUM PHASE TRANSITIONS
As we mention in the last section, the topological phases of the undriven TWPM are closely related to the quantum phases of the Ising model. In the driven case, however, the Ising model Eq. (10) exhibits a novel phase 25 . In this section we perform a description of the TWPM based on the RWA 46 .
A. The rotating wave approximation and the effective Hamiltonian approach
Let us perform a unitary transformation of Hamiltonian Eq. (1) into a rotating frame via the unitary operatorÛ
where θ m (t) = m(Ω/4)t+ g1 Ω sin Ωt. In the rotating frame, the Hamiltonian is given byĤ m (t) =Û † m (t)ĤÛ m (t), whereĤ =Ĥ(t) − i ∂ ∂t is the Floquet Hamiltonian 48 . The explicit form of this operator is given bŷ
where ∆ m = g 0 − m(Ω/4) is the detuning from the mphoton resonance 48 . The Hamiltonian Eq. (14) can be expanded in Fourier seriesĤ
i * ,n are time-independent operators.
We define our effective Hamiltonian as an average of the Hamiltonian in the rotating frameĤ m (t) over a period T = 2π/Ω of the drivinĝ
is the effective Hamiltonian given in Eq. (20) . Under the conditions
the fast oscillating terms in the Hamiltonian Eq. (14) can be safely neglected and the effective Hamiltonianĥ 
where the parameters J
] are effective anisotropies in the rotating frame 25 . Besides the plaquette operatorF z i,j defined in Eq. (2), the effective Hamiltonian Eq. (18) also contains a driving-induced plaquette operator
This new term is absent in the original undriven TWPM and corresponds to an effective interaction originated under nonequilibrium conditions 24 .
B. AC-driven Quantum Phase transitions in the Ising model
Our aim in this section is to describe the phase diagram of the driven TWPM Hamiltonian Eq. (1) in terms of the quantum phases of the driven Ising model Eq. (10) studied in Ref. 25 . The criticality in the rotating frame is described by means of the effective Hamiltonian
which is derived explicitly in Appendix A.
Similarly to the Ising model 3 , the Hamiltonian Eq. (20) can be written in terms of Jordan-Wigner fermionic operatorsĉ k andĉ † k as followŝ
where ω k = 2J cos k and f k = 2J sin k 25 . The Hamiltonian Eq. (21) can be written as a Hamiltonian for free fermionŝ
with dispersion relation
(23) Therefore, when the gap between the positive and negative energies closes, the effective Hamiltonian exhibits signatures of criticality in the rotating frame. Based on the results of Ref. 25 , we find that the effective Hamiltonian Eq. (20) (20) is ferromagnetically ordered along the y direction (ferromagnetic phase FMY ) 25 . Interestingly, the anisotropic transition in the dual Ising model corresponds to an ac-driven anisotropic transition between topological phases of the TWPM. Figure 3 depicts the phase diagram for the ac-driven TQPT in TWPM for m = 0. The white zones in the phase diagram correspond to the topologically trivial phase (effective paramagnetic phase of the dual Ising model Eq. (10)) and are defined by the inequality J < |∆ m | < |∆ max |, for m = 0, where ∆ max denotes the maximum detuning for which the RWA is still valid. In Fig. 4 (a) we plot the the effective asymmetries J In the undriven TWPM the topological phases are characterized by nonlocal order parameters. However, as one can see after the last discussion, there is necessary to quantify the entities arising under the effect of driving. In the next section we define generalized topological order parameters. 
IV. CYCLE-AVERAGED TOPOLOGICAL ORDER PARAMETERS
We now calculate global cycle-averaged expectation values of nonlocal operators. In particular, we focus on the expectation values in the negative-quasienergy Floquet state of the driven TWPM
where
is a Floquet state of the i * -th Ising chain. In the last expression, E (±) m = ± π 0 dk 2π ε k,m is the total quasienergy and ε k,m is the quasienergy dispersion defined in Eq. (23) . Furthermore, as we describe in Appendix A, the Floquet k-eigenmodes of the i * -th Ising are obtained by applying an unitary transformation back into the laboratory frame |Φ
k,m . We have used the basis of doubly occupied |1 −k , 1 k and unoccupied |0 −k , 0 k states of ±k fermions. Furthermore, we consider only the subspace with vanishing total momentum 3 .
The Bogoliubov angle φ k,m is determined by the relation
In the limit g 0 J, the negative-quasienergy Floquet state Eq. (24) corresponds to a topologically trivial spin texture in the absence of driving [see Fig. 2 (a) ]. In the dual picture of the σ-spins, such a state is a tensor product of stationary states of the Hamiltonian Eq. (10) with all the spins polarized along the x axis
In the last expression
is the ground-state energy of the undriven Ising model 3 , where E[z] is the complete elliptic integral of the second kind 47 .
A. Topological order from long-range magnetic order in the dual Ising model
We focus here on the calculation of cycle-averaged global order parameters. The generalized closed-string order parameters are defined as products of plaquette operators along the diagonal string of the real lattice.
By using the spin dualities Eq. (6) and Eq. (9) we define
Our definition of Φ 2 is a generalization to driven quantum systems of the global order parameters defined in equilibrium 41, 42 . However, the existence of Φ 3 has no analogue in equilibrium and a nonvanishing value of it would give rise to a topological configuration induced entirely by the external control.
Interestingly, the cycle-averaged order parameters correspond to cycle-averaged correlation functions of the dual 1-dimensional driven Ising model Eq. (10) . Such correlation functions characterize the long-range magnetic order under the effect of external driving. One can calculate the cycle-averaged nonequilibrium spin correlation functions in terms of the well-known results for the XY model [49] [50] [51] . For α ∈ {y, z}, let us define nonlocal order parameters in the rotating frame C αα = lim R→∞ ρ αα (R), where
corresponds to a spin correlation function calculated in the rotating frame (see Appendix B), where
and |χ
k,m is given by Eq. (26).
We can explicitly write (as we show in Appendix B) the topological order parameters as follows:
are effective anisotropies as they appear in Hamiltonian Eq. (20) .
We find that Φ 2 = Φ 3 = 0 in the topologically trivial phase |∆ m | > J. For |∆ m | < J the long-range correlation functions are given by
is the anisotropy parameter. Fig. 4 (c) depicts the nonlocal order parameters in the rotating frame as a function of the driving amplitude.
As a limiting case, our description recovers the physics of the undriven model (g 1 = 0) in the particular case m = 0, where
= J, and J (0) y = 0. Therefore, we obtain that the nonlocal order parameters satisfy Φ 2 = Φ 2 and Φ 3 = 0.
We plot the dependence of the order parameters along the ladder of topological phases (ferromagnetic phases FMZ and FMY from the dual Ising model depicted in Fig.3 ) in Fig. 4 (c) . Our results show that even for arbitrarily weak driving amplitude g 1 , it is possible to drive the system from the trivial phase into the topological phase. Surprisingly, in the case m > 0, the static parameters are far from the critical point of the undriven system, i.e., g c 0 = J. For example, in the m > 0 case, exact resonance ∆ m = 0 implies to work in the regime where the undriven system is in the trivial phase g 0 = mΩ/2 J. The strong driving regime allows to explore a new aspect of our approach: by tuning the amplitude of the external control, it is possible to bring the system into a new topological phase. The phase diagram depicted in Fig. 3 shows rich patterns of multicritical points with no analogue in equilibrium when |∆ m = J| and γ (m) = 0.
V. CONCLUSIONS
We have discussed the nonequilibrium TQPT in the Wen-plaquette model in a time-dependent transverse field. Similarly to the undriven model, a set of highly nonlocal spin-duality transformations allows a description of the driven TWPM in terms of the Ising model physics. The topological character of the TWPM requires a description of the TQPT in terms of nonlocal order parameters, which correspond to long-range correlation functions for a driven Ising model in the dual picture. We have introduced generalized "string"-like topological order parameters by considering cycle-averaged expectation values of string operators in a Floquet state.
In the case of conventional nonequilibrium QPTs, previous works [24] [25] [26] [28] [29] [30] show that even under the effect of driving, the quantum states of matter correspond to symmetry broken phases in the thermodynamic limit, i.e., the superradiant state does not conserve parity symmetry as in Ref. 24 . In contrast, a TQPT corresponds to a change of phase without symmetry breaking. Similar to Refs. 33, 35 , our approach reveals a possibility to induce topological configurations of the system by driving the topologically trivial phase. We show, however, that the monochromatic driving not only renormalizes the critical point, but generates an additional topological phase.
Our methodology is potentially interesting in the context of quantum simulation with cold atoms. A promising experimental realization of the driven Wen-plaquette model could be achievable by using a Rydberg atom quantum simulator 22 . In this setup, to simulate the system it is necessary to construct a quantum circuit consisting of nonlocal gates that encode the interactions of the effective model.
